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Let X be a Polish space with Borel σ-algebra B. Let P be the class of all probability
measures P on B dominated by the same σ-finite measure ν. Let P0 be any non-empty
subset of P, and Q ∈ P any other probability measure. Suppose a realization x ∈ X of
a random element X ∼ P is observed. Using data x, we wish to test the null hypothesis
H0 : P ∈ P0 versus the alternative H1 : P = Q.

A test for these hypotheses is any measurable function φ : X → [0, 1] such that H0 is
rejected in favour of H1 with probability φ(x). Hence, the expected value EP [φ(X)] =∫
φ(x)dP (x) ∈ R equals to the probability of rejecting H0 using the test φ when data x is

generated by P ∈ P. A test φ is called α-level for some α ∈ [0, 1] if EP [φ(X)] ≤ α for all
P ∈ P0. A test φ is called most powerful among α-level tests (MPα) for testing H0 versus
H1 if i) φ is α-level and ii) if φ′ is any other α-level test, then EQ[φ′(X)] ≤ EQ[φ(X)] [1].

The question now is: does a MPα test exist? The answer is affirmative:

Theorem 0.1. For all α ∈ [0, 1] there exists a MPα test φ′ for testing H0 versus H1.

Proof. Since the test φ(x) = α is trivially α-level, the class Φα of all α-level tests
is non-empty. Consequenly, the supremum S = supφ∈Φα

EQ[φ(X)] exists finite. Let
(φn)n≥1 be a sequence of α-level tests such that EQ[φn(X)] → S for n → +∞. The
Sequential Banach-Alaoglu Theorem [2, Theorem 3.17] implies that Φα is sequentially
compact in the weak* topology of L1(X ,B, ν) (the theorem applies here since L1(X ,B, ν)
is separable, given that X is separable). Consequently, there is a subsequence (φ′k)k≥1

of (φn)n≥1 and a φ′ ∈ Φα such that
∫
φ′k(x)g(x)dν(x) →

∫
φ′(x)g(x)dν(x) for all g ∈

L1(X ,B, ν). In particular, EQ[φ′k(X)] =
∫
φ′k(x)dQdν (x)dν(x) →

∫
φ′(x)dQdν (x)dν(x) =

EQ[φ′(X)] and so EP [φ′(X)] = S. Additionally, α ≥ EP [φ′k(X)] =
∫
φ′k(x)dPdν (x)dν(x)→∫

φ′(x)dPdν (x)dν(x) = EP [φ′(X)] Hence EP [φ′(X)] ≤ α for all P ∈ P0, i.e. φ′ is α-level.
This shows that φ′ is MPα.
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